Microcantilever biosensors in the static operation mode translate molecular recognition into a surface stress signal. Surface stress is derived from the nanomechanical cantilever bending by applying Stoney's equation, derived more than one hundred years ago. This equation ignores the clamping effect on the cantilever deformation, which induces significant errors in the quantification of the biosensing response.
More than one hundred years ago, George Gerald Stoney studied the peeling of metallic films deposited electrolytically on glass, a phenomenon that was detrimental in many industrial processes at that time. He observed "that metals are deposited under tension, and they should strain the material on which they were deposited so as to bend it, and that by the amount of this bending the tension could be determined" [1] . The relation derived to quantify the film tension from the plate bending, so called Stoney's equation, today is a cornerstone to quantify the surface stress and to characterize many relevant processes in different fields including adsorbate/surface interactions [2, 3] , surface reconstruction [4] and thin film deposition in microfabrication processes [5, 6, 7] . Molecular recognition on a biosensing surface also brings about a change of the surface stress that can be used as a fingerprint for biological detection [8] . This is the key concept of microcantilever biosensors operating in the static mode. One of the microcantilever surfaces is sensitized with molecular receptors that exhibit high binding affinity to the targeted analyte. When the cantilever is exposed to the sample solution, molecular recognition between the analyte and the surface-grafted receptors induces a stress difference between opposite cantilever sides that bend the cantilever structure [9, 10, 11, 12, 13, 14, 15 ]. Stoney's formula is used to derive the molecular recognition induced surface stress from the change in the microcantilever curvature.
Let us consider a cantilever with length L, width b, and thickness h, under uniform and isotropic strain-independent surface stress loading σ on the upper face (Fig. 1 ). Stoney's model predicts that the cantilever bends with uniform curvature () in proportion to the surface stress following [5, 7, 16] , (1) where  is the Poisson's ratio, h n is the distance between the neutral axis and the bottom face (h/2 for single material cantilevers) and D is the biaxial flexural rigidity per unit width that for a single material cantilever is given by where E is the Young's modulus. Equation (1) assumes that the beam is isotropic and homogeneous, the beam thickness is small compared to the lateral dimensions, and the strains and rotations are small (the effect of in-plane stress on the out-of-plane displacement is negligible). This adequately complies with the most commonly used microcantilevers with a length, width and thickness that typically fall in the range 100-500 µm, 10-100 µm, 0.1-1 µm, respectively. However, Stoney's equation is only strictly valid for plates unrestrained along the edges. Microcantilevers are rigidly clamped to a chip substrate and hence exhibit null displacement at its clamped end, which is not compatible with the uniform curvature predicted by Stoney [16] (Fig. 1) . John E. Sader demonstrated that this effect can induce significant errors in the surface stress measurements and derived complex analytical solutions for the asymptotic cases L>>b and L<<b [16, 17] . Interestingly, the clamping effect on the cantilever deformation is key to unveil a long standing unsolved problem in physics, the effect of surface stress on the resonance frequency of cantilevers [18, 19] . A solution for the clamping effect on the deformation of a cantilever poses a formidable challenge and a simple and analytical solution is not tractable. In practice, simulations based on the finite element method must be performed to obtain accurate solutions as shown in the simulation in Fig. 1(b) for a cantilever with aspect ratio L/b=2 [20, 21] .
In the present Letter, we derive a simple analytical formula for the deformation of a microcantilever averaged across the width as a function of the longitudinal coordinate that enables accurate quantification of the surface stress. The formula notably fits finite element simulations and experimental data.
By applying the principle of virtual displacements to the strain energy of a bent plate, we obtain the differential equation that governs the out of plane displacement w(x,y) of a plate [22] ,
and the boundary conditions at the free edges, y=±b/2 and x=L [16, 22] ,
where n and s denote the normal and tangential coordinates at the cantilever boundary. Equations (3a) and (3b) state that at all free edges, the normal components of the bending moment and transverse shearing forces must be zero, respectively. To these boundary conditions, we must add the conditions that arise from the clamping restriction, i.e., no displacement and no rotation about the y-
The mathematical equations (2)- (4) belong to a family of problems referred to as the biharmonic problem in a rectangle, a long standing benchmark problem in mathematics and engineering since 1811 [23] . The most accurate approximation for solving this problem, referred to as the superposition method, consists of constructing the solution in the form of the sum of two ordinary
Fourier series in x and y [23] . However the achievement of the solution requires of solving an infinite series of linear equations, which in some cases suffers from low convergence. Recently, a similar approach has been adopted to achieve the surface-stress induced cantilever deformation [24] .
However, the corresponding infinite coefficient matrix is ill-conditioned, which suggests both that the mathematical problem has a non exact solution, and the physical description of the problem is incorrect. Let us use a simple argument to demonstrate this conclusion. If we combine the bending moment boundary condition (eq. (3a)) and the clamping restriction (eq. (4)), we obtain that the displacement at the clamping corners must satisfy,
Clearly, this corner point condition is violated when Poisson's ratio is zero. The corner pathology indicates that the boundary conditions, eq. (3a) and (4) are not compatible. We find this discordance physically intuitive as the clamping constriction exerts a force distribution to counterbalance the curvature along the y-axis induced by the bending moment ( Fig. 1(b) ). Thus, it seems logical that the reaction force exerted by the clamped edge induces an effective bending moment near the clamping corners.
Given the complexity of the problem, we propose to relax one of the conflicting boundary conditions and to calculate the cantilever deflection averaged across the cantilever width. Firstly, we expand the solution as an infinite power series in y, in which only the even powers are retained due to the symmetry about the x-axis 23 ,
where =x/L and =y/b are dimensionless coordinates used for the sake of physical significance, =L/b is the aspect ratio of the cantilever and  St is the Stoney's curvature (eq. (1)). The first summand in eq. (6) 
The biharmonic equation reduces the number of functions involved in the solution, from infinity independent functions to two independent functions, f 0 and f 1 . In the x-direction, the clamping induced strain must decay from its maximum value near the clamp region to its nominal (Stoney) value remote from the clamping. The question is what kind of decaying functions to use. In beam mechanics, it has been found that singularities such as cracks or boundary restrictions give rise to exponentially decaying functions and this is also assumed for the present problem [18, 19, 25] . We find that exponential functions with the same exponent, and , are the only functions that satisfy the boundary conditions imposed below. Substituting these proposed functions in equation (6), we obtain,
Now we apply the lateral edge boundary conditions (eqns. 3(a) and 3(b)) and a relaxed clamping condition: the integral of the displacement and slope in y along the clamping must be zero.
The satisfaction of these boundary conditions provides a very simple analytical expression for the deflection averaged over y:
where the exponent  only depends on the Poisson's ratio and it satisfies the equation,
The solution of equation (10) was numerically obtained and it was fitted to a second order polynomial in the Poisson's ratio,
The obtained solution indicates that the clamping restriction induces an additional curvature to the uniform curvature derived by Stoney. This term exponentially decays in the x direction with a characteristic length scale that is linearly proportional to the cantilever's width with a proportionality constant that weakly varies from 0.44 to 0.37 when the Poisson's ratio is increased from 0 to 0.5.
The clamping-induced curvature gives a relative increase in the free end deflection with respect to the Stoney's value of  when >>1. Figure 2 shows the longitudinal curvature averaged over the cantilever's width obtained from our analytical solution (line) and finite element method (FEM) simulations (symbols) for a cantilever with a short aspect ratio (=2) and several values of Poisson's ratio ( Fig. 2(a) ) and for a typical Poisson's ratio of 0.25 and several values of aspect ratio ( Fig. 2(b) ).
The values of the curvature are normalized by the Stoney's curvature. The FEM simulations consisted on a quadrilateral mapped mesh of 50k solid elements with a 99.9% convergence in the deflection at the free cantilever end. The analytical solution (eqns. (9) and (11)) and FEM results exhibit a remarkable agreement. The discrepancy between the two solutions becomes significant for the extreme case of aspect ratio =1, in which the deviation between the curvatures at the cantilever free end is of about 2.5%. However, even in this case the deflection at the free end only shows a discrepancy of 0.05%. Given the accuracy of our formula, we apply equations (9) and (11) to assess the overestimation of the surface stress obtained when the Stoney's formula is used in typical experiments where the cantilever deflection is measured near the free end by optical methods (Fig.   3 ). The results show that the error becomes significant as the aspect ratio of the cantilever is reduced and for materials with high Poisson's ratio. The error can largely increase when electrical transduction techniques based on piezoresistivity or capacitive measurements are used, as the output voltage is proportional to the strain near the clamping or to the average deflection, respectively.
The simplicity of the derived equations is highlighted when we derive the curvatures in x and y averaged over the cantilever's width that are respectively given by,
Notice that we have, in this case, recovered the normal coordinates x and y to emphasize the simplicity of the obtained solutions. Appealingly, the combination of equations 12(a) and 12(b)
provide a useful and simple relationship,
that means that the longitudinal bending moment averaged over the cantilever's width is equal to the surface stress induced bending moment for all x. Figure 4 shows the comparison between the averaged curvatures in x and y obtained by equations (12a) and (12b), by FEM simulation and by the analytical approximation of Sader for cantilevers with high aspect ratio that is the reference model [16] . We have chosen a cantilever with low aspect ratio =2 and other with typical aspect ratio of =5 as the cantilever used here in the experiments (see below). The results indicate that (i) the simple equations derived here (equations (12a) and (12b)), accurately follows the FEM simulations, and (ii) the more complex solution derived by Sader [16] shows significant deviation near the clamping.
Finally, we have performed experiments to validate our analytical expression for the surface stress. We used silicon cantilevers 500 µm long, 100 µm wide and 1 µm thick (Concentris). The cantilevers were coated by sputtering evaporation with a 20 nm gold layer on top of a 2 nm adhesion layer of chromium. Freshly coated microcantilevers were incubated with 1 μM of a thiolated ssDNA probe (5'-HS-CTACCTTTTTTTTCTG-3') diluted in phosphate buffered saline (PBS) at pH 7.4 for 24 hours in order to immobilize a densely packed DNA layer [26] . Afterwards, the cantilevers were rinsed with PBS buffer and Milli-Q ® water to discard unspecific interactions and dried under dry nitrogen. The nanometer-scale out-of-plane displacements of the cantilevers were measured in air at a relative humidity of 40% and room temperature by scanning laser beam deflection microscopy [27, 28] . Figure 5 shows the average deflection variation induced by the chemisorption of the ssDNA molecules. Since the effect of the clamping exponentially decays with a characteristic length b/2.5,
we assume that the curvature in the last third part of the cantilever is uniform and follows Stoney's equation. Thus we fitted this region to a second order polynomial (Fig. 5(a) ) to discriminate the clamping effect from the difference between the displacement profile and the fitting curve. The obtained difference curve, plotted in Fig. 5(b) , has been fitted to the exponential function predicted in equations (9) and (11) [16, 17] . However, a more accurate formula has been precluded due to the formidable complexity of the biharmonic problem in a rectangle, a still challenging problem in mathematics and engineering [23] . In addition to this difficulty, we find that the boundary conditions classically proposed are incorrect as they ignore the reaction force exerted by the clamp. We circumvent all these difficulties by restricting the theory to find cantilever deflection averaged across the cantilever width and by relaxing one of the conflicting boundary conditions, in this case the clamping restriction. We obtain that the clamping effect on the cantilever deformation can be simply described as an exponentially decaying term in the x direction with a characteristic length scale that is linearly proportional to the cantilever's width and weakly depends on Poisson's ratio. The new formula will enable an accurate surface stress determination removing the discrepancy between experiments due to the use of cantilevers with different geometries. In addition, these measurements can thus be compared with measurements obtained with other techniques such as contact angle [8] or X-ray diffraction [30] . The experimental data is obtained from the average of ten measurements of the same cantilever. The error is much smaller than the symbol size.
